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Time-Explicit Representation of Relative Motion
Between Elliptical Orbits

Robert G. Melton¤

Pennsylvania State University, University Park, Pennsylvania 16802-1401

The classic treatment of rendezvousmechanicsand other problems involvingthe relative motionof two spacecraft
assumes a circular reference orbit, allowing a simple closed-form description of the motion. A solution is developed
using an elliptical reference orbit, expanding the state transition matrix in powers of eccentricity, while retaining
the explicit time dependence of the three-dimensional motion. The solution includes separate matrix elements for
� rst- and second-order terms in eccentricity and for both Cartesian and cylindrical coordinates. Assessment of the
maximum errors in position and velocity components over one complete revolution of the reference satellite shows
that the solution is accurate for practical purposes with eccentricities in the range 0–0.3. An example application
is given for the proposed laser interferometer space antenna gravity wave experiment.

Introduction

T HE customary analysis of rendezvous mechanics begins with
the linearized(Clohessy–Wiltshire) equationsof motion1,2 and

assumes a circular referenceorbit for the targetvehicle,permittinga
simple analytic description of the motion. Tschauner and Hempel3

� rst solved the problem for motion relative to an elliptical orbit, but
had to regularize the problem, resulting in a solution that does not
explicitlyinclude time.Other approachesby Lancaster4 andBerreen
and Sved5 include the time dependence,but are limited to coplanar
motion. Abrahamson and Stern6 present a somewhat more general
method that treats the problem for either elliptical or hyperbolic
orbits. However, the solution is in terms of the eccentric and eccen-
tric hyperbolic anomalies, so that one must still solve the Kepler
problem to obtain the explicit time dependence for each particu-
lar application. More recent efforts by Kelly,7 Garrison et al.,8 Der
and Danchick,9 and Carter10 provide representations of the three-
dimensional relative motion, but all of these are functions of either
the true or eccentricanomaly of one satellite.Solution of the Kepler
problem is conceptuallyand numerically straightforward,but in in-
stances where an onboard calculation of relative motion is required
for estimation purposes, a direct, noniterative algorithm would be
preferred. Further, a solution that depends solely on time as the in-
dependent variable can provide the same type of insight into the
motion as do the Clohessy–Wiltshire equations.

This paper develops an approximate solution, accurate to order
e2, that explicitly includes time (and none of the angular anomalies)
and that is valid for noncoplanar elliptical orbits.

Analysis
Consider two spacecraftin ellipticalorbits (not necessarilycopla-

nar) about a common gravitationalsource, as shown in Fig. 1. Em-
ploying the common designations associated with rendezvous me-
chanics, target vehicle denotes the spacecraft in the reference orbit,
located at position r ¤ , and chase vehicle denotes the second space-
craft,moving close to the targetand with positionr. It is assumedfor
now that only a central gravitational source in� uences the motion
and that the chase vehicle may experience an additional perturbing
acceleration C . The equations of motion in Cartesian coordinates
can be derived in a manner similar to that given in Refs. 1 and 2,
although now the time dependence of the target orbit’s radius and
angular rate must be included.Using a coordinatesystem with the x
axis alignedwith the referenceradiusvector r ¤ and the z axis aligned
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with the target orbit’s angular momentum vector, the equations of
motion become

ẍ =
2 l

r ¤ 3(t)
x + 2 x (t ) Çy + Çx (t )y + x 2(t )x + C x (t) (1a)

ÿ =
¡ l

r ¤ 3(t)
y ¡ 2 x (t ) Çx ¡ Çx (t )x + x 2(t )y + C y (t) (1b)

z̈ =
¡ l z

r ¤ 3(t )
+ C z(t) (1c)

where l is the gravitational parameter and x the rotational rate
of the x, y, z system. By forming the state vector d x =[ d r, d v]T ,
where d r = r ¡ r¤ is the chase vehicle’s relativepositionand d v is its
relative velocity, the equations of motion can be written in matrix
form as

d Çx = A(t ) d x + C (t ) (2)

where
R A(t) =
2
66666664

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

2 l / r ¤ 3 + x 2 Çx 0 0 2 x 0

¡ Çx ¡ l / r ¤ 3 + x 2 0 ¡ 2 x 0 0

0 0 ¡ l / r ¤ 3 0 0 0

3
77777775

(3)

R C (t ) = [0 0 0 C x C y C z]T (4)

where the superscript R denotesquantitiesexpressed in rectangular
(Cartesian) coordinates. Converting the formulation to cylindrical
coordinatescan potentiallygive a greater accuracy for large angular
separations between spacecraft, but the preferred formulation de-
pends on the form of the perturbingacceleration C . The cylindrical
coordinates q , h , and z are given by q = x , h = y /r ¤ , and z = z. In
the case of a circular reference orbit, r ¤ is constant, requiring only
appropriatechanges to Eqs. (1a and 1b) and the correspondingele-
ments of A; however, for an elliptical reference orbit, Eqs. (1) and
(3) become

¨q = (2 l /r ¤ 3) q + 2x r ¤ Çh + 2 x Çr ¤ h + Çx r ¤ h + x 2 q + C q (5a)

¨h = (1/ r ¤ )
¡

¡ l h / r ¤ 2 ¡ 2x Çq ¡ Çx q + x 2r ¤ h ¡ r̈ ¤ h ¡ 2 Çr ¤ Çh + C h

¢

(5b)

z̈ =
¡ l z

r ¤ 3(t )
+ C z(t) (5c)
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C A(t ) =

2

66666664

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

2 l / r ¤ 3 + x 2 Çx r ¤ + 2 x Çr ¤ 0 0 2 x r ¤ 0

¡ Çx / r ¤ (1/ r ¤ )( ¡ l / r ¤ 2 + x 2r ¤ ¡ r̈ ¤ ) 0 ¡ 2 x / r ¤ ¡ 2 Çr ¤ / r ¤ 0

0 0 ¡ l / r ¤ 3 0 0 0

3

77777775

(6)

where the superscript C denotes quantities expressed in the cylin-
drical coordinate system. The state vector for this system is
d x =[ q , h , z, Çq , Çh , Çz]T .

Truncatedapproximations(to ordere2) for the time-varyingterms
in A(t ) can be generated using Lagrange’s generalized expansion
theorem11:

r ¤ / a ¤ = 1 + e2 / 2 ¡ e cos M ¤ ¡ (e2 / 2) cos 2M ¤ + (e3) (7)

x = h ¤ / r ¤ 2 = (h ¤ /a ¤ 2){1 + 2e cos M ¤

+ (e2 / 2)[5 cos 2M ¤ + 1] + (e3)} (8)

Çx = ( ¡ 2h ¤ / r ¤ 3) Çr ¤ = ( ¡ 2h ¤ /a ¤ 2){en ¤ sin M ¤ + e2n ¤ sin 2M ¤

+ 3e2n ¤ cos M ¤ sin M ¤ + (e3)} (9)

x 2 = h ¤ 2 / r ¤ 4 = (h ¤ 2 /a ¤ 4){1 + 4e cos M ¤

+ e2(3 + 7 cos 2M ¤ ) + (e3)} (10)

n ¤ =
p

l / a ¤ 3 (11)

where M ¤ = n ¤ (t ¡ t p) and t p is the time of periapsis passage. The
asterisk denotes quantities associated with the reference ellipse.

Formally, the solution to the homogeneous set is

d x(t ) = U (t, 0) d x(0) = exp

³Z
A(t ) dt

´
d x(0) (12)

Fig. 1 Position of chase vehicle relative to target vehicle.

but the matrix exponential cannot be determined in closed form
because of the time dependenceof A; however, A(t ) is periodic and
also can be expanded in terms of e as

A(t ) = A0 + eA1(t) + e2A2(t ) + ¢ ¢ ¢ (13)

where A0 is the constant part of A(t ). Therefore, according to a
theorem by Poincaré (see Ref. 12) the state transition matrix can
also be expanded as

U (t , 0) = U 0 + e U 1(t ) + e2 U 2(t ) + ¢ ¢ ¢ (14)

where

U 0 = exp(A0t ) (15)

DifferentiatingEq. (14) yields

d

dt
U (t ) = A0e

A0t + e
dU 1

dt
+ e2 d2 U 2

dt 2
+ ¢ ¢ ¢ (16)

Because the state transition matrix must also satisfy the homoge-
neous form of Eq. (2), then

d

dt
U (t) = A(t ) U (t ) =

£
A0 + eA1(t ) + e2A2(t ) + ¢ ¢ ¢

¤

£
£
eA0t + e U 1(t) + ¢ ¢ ¢

¤
(17)

Equating coef� cients of like powers of e yields

d U 1

dt
= A0 U 1(t ) + A1(t )e

A0t

d U 2

dt
= A0 U 2(t ) + A1(t ) U 1(t ) + A2(t )eA0t

...
d U n

dt
= A0 U n (t) + A1(t) U n ¡ 1(t) + ¢ ¢ ¢ + An ¡ 1(t ) U 1(t )

+ An (t )eA0 t (18)

Because U (0) = I and U 0(0) = I, it follows that for U n (0) =0 for
n ¸ 1. Therefore, the expansion of U (t) can be determined recur-
sively:

U 1(t ) =

Z t

0

eA0( t ¡ s)A1(s)eA0 s ds

U 2(t ) =

Z t

0

eA0( t ¡ s)
£
A1(s) U 1(s) + A2(s)eA0s

¤
ds

...

U n (t ) =

Z t

0

eA0( t ¡ s)
£
A1(s) U n ¡ 1(s) + ¢ ¢ ¢ + An (s)eA0s

¤
ds (19)

Substituting Eqs. (7–11) into Eq. (3) and evaluating Eqs. (15) and
(19) yield
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R U 0 =

2

66666664

4 ¡ 3 cos nt 0 0 sin nt / n (2/ n)(1 ¡ cos nt) 0

6(sin nt ¡ nt) 1 0 ¡ (2/ n)(1 ¡ cosnt) (4 sin nt ¡ 3nt) / n 0

0 0 cos nt 0 0 sin nt / n

3n sin nt 0 0 cos nt 2 sin nt 0

¡ 6n(1 ¡ cos nt) 0 0 ¡ 2 sin nt 4 cosnt ¡ 3 0

0 0 ¡ n sin nt 0 0 cos nt

3

77777775

(20)

(which is simply the state transition matrix for the case of a circu-
lar reference orbit) and also higher-order terms for the case of an
elliptical reference orbit.

Generating these higher-orderterms is a laborious task even with
the assistanceof symbolicmanipulationsoftwarebecausethese sys-
tems cannot automatically resolve ambiguities in integrating the
complex-valuedfunctions in Eqs. (19). Therefore, elements of R U 1

and R U 2 are provided in the Appendix (all expansionshere include
terms through order e2 ). Repeating the procedure using Eq. (6) and
carrying terms of (e2) give the state transition matrix expressed
for cylindrical coordinates C U (t ); elements of this expansion also
appear in the Appendix.

One notes the appearanceof secular terms in the angular compo-
nent of the solution (as expected because generally the periods of
the two satellites will differ), but secular terms also appear in the
higher-order radial components. Such terms also appear in Kelly’s
solution.7 These clearly have no physical signi� cance and must be
accepted as artifacts of this type of expansion.

The additional forcing function C (t) could be included via a con-
volution term:

d x(t ) = U (t ) d x(0) +
Z t

0

U (t ¡ s ) C ( s ) ds (21)

In the situation where C is the spacecraft’s thrust acceleration, the
explicit time dependence poses no dif� culty; however, if C is to
includegravitationalperturbationsfromothersources,somea priori
time-dependent form of the perturbationswould be required.

Accuracy of the Solution
In all of the example cases to be cited, the errors are calculated

relative to numerical integrations of the exact equations of motion.
That is, positions and velocities are calculated separately for the
target (reference) and chase vehicles, and the differences in these
quantitiesare comparedwith those estimated using the approximate
solutions. Extensive numerical studies show that the series expan-
sion Eqs. (14–19) converges rapidly to the solutionof the linearized
equations (1) and (5); however, these linearized equations can be
poor representationsof the actual orbital motion, for example, if the
chase and target vehicles’ states differ by more than a few percent,
and the reader must be mindful of this limitation.

As expected, the formulation in cylindrical coordinates gives
more accurate results for larger angular separations, that is, greater
than 0.01 rad, and for an elliptical reference orbit this depends also
on the trueanomalyof the targetvehicle.Althougha completedepic-
tion of sensitivity to initial conditions is not possible, the following
example serves to demonstrate the performanceof the solution.The
examples in this paper employ a system of canonical units where
the gravitationalparameter l =4 p 2 and the unit of length is the ref-
erence orbit’s semi-major axis length a, thus making the time unit
equal to one period of the reference orbit.

Consider a reference orbit with eccentricity e and a chase orbit
with initial (relative) conditions

d q = 0.001, d Çq = 0.001

d h = 0.020, d Çh = 0.001

d z = 0.001, d Çz = 0.001 (22)

Figures 2a–2c and 3a–3c show the maximum absolute errors in
position and velocity components that occur over one revolutionof
the target vehicle. The target orbit eccentricities include the range
0 ·e ·0.3. In each case, the targetvehiclestarts at periapsis(t = tp )

Fig. 2a Absolute error in radial position (canonical units).

Fig. 2b Absolute error in angular position (canonical units).

Fig. 2c Absolute error in out-of-plane position (canonical units).

Fig. 3a Absolute error in radial rate (canonical units).

Fig. 3b Absolute error in angular rate (canonical units).

Fig. 3c Absolute error in out-of-plane rate (canonical units).
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Table 1 Errors in range and range-rate
for LISA orbits after 9 wk

Expansion Range error, Range-rate error,
order % %

0 ¡ 1.5 ¡ 96
1 ¡ 1.3 ¡ 21
2 ¡ 1.3 ¡ 15

and the relativepositionsand rates are determinedat 10,000 equally
spaced time steps spanning one complete revolution of the target
vehicle. These are compared with numerical integration of the in-
dividual vehicles’ motions to compute the absolute errors. Clearly,
includingup through the � rst-order term in eccentricityadds signif-
icant accuracy even for low values of e; including the second-order
terms becomes more important as the value of e becomes larger. In
some applications (e.g., estimating rendezvous radar parameters or
estimating intersatellite distances for interferometric studies), the
individual components of position and their rates may not be as
important as the range and range rate between spacecraft.

Application to the Laser Interferometer Space
Antenna (LISA) Mission

The European Space Agency has proposed the laser interferome-
ter space antenna (LISA) mission to detect and study low-frequency
gravity waves. One potential con� guration, proposed by Folkner
et al.,13,14 would place three spacecraftin heliocentricorbitswith in-
clinationsof approximately0.96 deg, with eccentricitiesof approx-
imately 0.00964, and with ascending nodes separated by 120 deg.
Each spacecraft would be given the same true longitude on its own
orbit, with the net effect being to create an equilateral triangle with
the satellite pairs at the vertices and the interferometer arms form-
ing the sides. This triangle, tilted 60 deg to the ecliptic plane, would
allow the interferometer to naturally scan the cosmos for gravity
waves, while maintaining an almost constant arm length (a neces-
sity for the experiment) of approximately 5 £ 106 km. Even in the
absence of gravitational perturbations from Earth and other large
planetary masses, the interferometer arms would not be precisely
constant; further, any change in arm length of more than 7 mm/s
could cause highly undesirable Doppler shifts in the interferom-
etry. Control system design studies (anticipating the use of micro-
Newton-levelelectricthrustersto compensatefor disturbances)have
shown the need for an analytic tool to estimate an arm length and its
rate of change(rangeand range rate) for these orbits over an interval
of 2–8 weeks. The method developed in this paper provides such a
tool. Table1 gives the errors for these estimatesusing the zero-, � rst-
and second-order expansions. In cylindrical coordinates, the initial
conditions for the relative motion of two ends of the interferometer
arm are

d q = 0.0161543, d Çq = ¡ 0.0255416

d h = ¡ 0.00850724, d Çh = ¡ 0.204719

d z = 0.0279933, d Çz = ¡ 0.0461563

Whereas there is little difference in accuracy for the range estimate,
the range-rate approximation is substantially improved by addition
of the � rst- and second-order terms. Note, however, that the range-
rate error varies over the time interval 0–9 weeks, reaching values
as high as 80%. Thus, use of this method for control-law selection
shouldbe restrictedto identifyingtrends in the relativemotionof the
LISA satellites. Ongoing research is examining ways to include the
effects of gravitational perturbations, as well as the control thrust,
via the convolution integral of Eq. (21).

Conclusion
The approximate forms of the state transition matrix for ren-

dezvous mechanics or other relative motion problems can be used
with some con� dence, with relatively small errors for reference or-
bits of small to moderate eccentricity (0 < e < 0.3); higher values
of eccentricitymay also be acceptable,but for much shorter time in-
tervals.This solutionalso allowsfor the inclusionof other in� uences
with an explicit time dependence,such as active thrusting.Whereas
the overall accuracyis limitedby the � delityof the linearizedgravity

approximation, these state transition matrices provide a useful � rst
approximation for mission planning purposes.

Appendix: Elements of the Expanded
State Transition Matrix

To facilitate the labeling of matrix elements, the notation used
here makes the expansion index a pre� x, so that the kth term in
Eq. (14) appears as ek

k U (t ).

State Transition Matrix Elements: Rectangular
Cartesian Coordinates

R
1 U 1,1 = ¡ 5 cos[n(t ¡ tp)] ¡ 3 cos[n(2t ¡ tp )] + 13cos[ntp ]

¡ 5 cos[n(t + tp )] ¡ 6nt sin[n(t ¡ tp)]

R
1 U 1,2 = sin[n(t ¡ tp)] + 2 sin[ntp] ¡ sin[n(t + tp )]

R
1 U 1.3 = 0

R
1 U 1,4 = { ¡ 3 sin[n(t ¡ t p)] + sin[n(2t ¡ tp)] ¡ 3 sin[ntp]

+ sin[n(t + tp )]}/ n

R
1 U 1,5 = { ¡ cos[n(t ¡ tp)] ¡ 4 cos[n(2t ¡ tp )] + 8 cos[ntp]

¡ 3 cos[n(t + tp )] ¡ 6nt sin[n(t ¡ tp)]}/ (2n)

R
1 U 1,6 = 0

R
1 U 2,1 = { ¡ 12nt cos[n(t ¡ t p)] ¡ 30nt cos[ntp ] + 4 sin[n(t ¡ tp)]

+ 9 sin[n(2t ¡ tp)] ¡ 7 sin[ntp] + 20 sin[n(t + tp)]}/2

R
1 U 2,2 = cos[n(t ¡ tp)] + cos[ntp ] ¡ 2 cos[n(t + tp)]

¡ 3nt sin[ntp]

R
1 U 2,3 = 0

R
1 U 2,4 = { ¡ 8 cos[n(t ¡ tp)] + 3 cos[n(2t ¡ tp )] + cos[ntp]

+ 4 cos[n(t + tp )] + 6nt sin[ntp]}/ (2n)

R
1 U 2,5 = ¡ 3{nt cos[n(t ¡ tp)] + nt cos[ntp] + sin[n(t ¡ tp )]

¡ sin[n(2t ¡ tp)] + sin[ntp] ¡ sin[n(t + t p)]}/ n

R
1 U 2,6 = 0, R

1 U 3,1 = 0, R
1 U 3,2 = 0

R
1 U 3,3 = {cos[n(2t ¡ t p)] ¡ 3 cos[ntp]}/ 2 + cos[n(t + t p)]

R
1 U 3,4 = 0, R

1 U 3,5 = 0

R
1 U 3,6 = { ¡ 3 sin[n(t ¡ t p)] + sin[n(2t ¡ tp)] ¡ 3 sin[ntp]

+ sin[n(t + tp )]}/ (2n)

R
1 U 4,1 = ¡ n{6nt cos[n(t ¡ tp )] + sin[n(t ¡ tp)]

¡ 6 sin[n(2t ¡ tp)] ¡ 5 sin[n(t + tp )]}

R
1 U 4,2 = n{cos[n(t ¡ tp )] ¡ cos[n(t + tp)]}

R
1 U 4,3 = 0

R
1 U 4,4 = ¡ 3 cos[n(t ¡ tp)] + 2 cos[n(2t ¡ tp )] + cos[n(t + tp)]

R
1 U 4,5 = { ¡ 6nt cos[n(t ¡ tp)] ¡ 5 sin[n(t ¡ tp )]

+ 8 sin[n(2t ¡ tp)] + 3 sin[n(t + tp )]}/2

R
1 U 4,6 = 0

R
1 U 5,1 = n{ ¡ 4 cos[n(t ¡ tp )] + 9 cos[n(2t ¡ t p)] ¡ 15 cos[ntp ]

+ 10 cos[n(t + tp)] + 6nt sin[n(t ¡ t p)]}
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R
1 U 5,2 = ¡ n{sin[n(t ¡ tp )] + 3 sin[ntp ] ¡ 2 sin[n(t + tp)]}

R
1 U 5,3 = 0

R
1 U 5,4 = 4 sin[n(t ¡ tp)] ¡ 3 sin[n(2t ¡ tp)] + 3 sin[ntp]

¡ 2 sin[n(t + tp )]

R
1 U 5,5 = 3{¡ 2 cos[n(t ¡ t p)] + 2 cos[n(2t ¡ tp)] ¡ cos[ntp ]

+ cos[n(t + t p)] + nt sin[n(t ¡ tp )]}

R
1 U 5,6 = 0, R

1 U 6,1 = 0, R
1 U 6,2 = 0

R
1 U 6,3 = ¡ n{sin[n(2t ¡ tp)] + sin[n(t + tp )]}

R
1 U 6,4 = 0, R

1 U 6,5 = 0

R
1 U 6,6 = { ¡ 3 cos[n(t ¡ tp)] + 2 cos[n(2t ¡ tp )]

+ 3 cos[n(t + t p)]}/ 2

R
2 U 1,1 = {40 ¡ 40cos[2nt] ¡ 40 cos[n(t ¡ 2tp)]

¡ 27 cos[n(3t ¡ 2t p)] ¡ 24 cos[2n(t ¡ t p)] + 152 cos[2ntp]

¡ 61 cos[n(t + 2tp)] ¡ 60nt sin[nt]

¡ 60nt sin[(t ¡ 2tp )] ¡ 48nt sin[2n(t ¡ tp )]}/8

R
2 U 1,2 = {6nt cos[nt] ¡ 6nt cos[n(t ¡ 2tp )] + 2 sin[nt]

¡ 4 sin[2nt] + 7 sin[n(t ¡ 2tp)] + 4 sin[2n(t ¡ tp)]

+ 20 sin[2ntp ] ¡ 9 sin[n(t + 2tp )]}/4

R
2 U 1,3 = 0

R
2 U 1,4 = { ¡ 12nt cos[nt] + 12nt cos[n(t ¡ 2tp)] ¡ 4 sin[nt]

+ 8 sin[2nt] + 9 sin[n(3t ¡ 2t p)] ¡ 24 sin[2n(t ¡ tp )]

¡ 24 sin[2ntp ] + 9 sin[n(t + 2tp )]}/ (8n)

R
2 U 1,5 = { ¡ 6 + 12 cos[nt] ¡ 6 cos[2nt] ¡ cos[n(t ¡ 2tp )]

¡ 9 cos[n(3t ¡ 2tp)] + 2 cos[2n(t ¡ tp )] + 14 cos[2ntp]

¡ 6 cos[n(t + 2tp )] ¡ 6nt sin[nt] ¡ 6nt sin[n(t ¡ 2tp)]

¡ 12nt sin[2n(t ¡ tp)]}/ (4n)

R
2 U 1,6 = 0

R
2 U 2,1 = { ¡ 30nt cos[nt] ¡ 30nt cos[n(t ¡ 2tp)]

¡ 24nt cos[2n(t ¡ tp)] ¡ 84nt cos[2ntp] ¡ 30 sin[nt]

+ 30 sin[2nt] + 11 sin[n(t ¡ 2tp )] + 18 sin[n(3t ¡ 2tp)]

+ 6 sin[2n(t ¡ tp)] ¡ 26 sin[2ntp ] + 61 sin[n(t + 2tp )]}/4

R
2 U 2,2 = { ¡ 2 + 5 cos[nt] ¡ 3 cos[2nt] + 2 cos[n(t ¡ 2t p)]

+ 2 cos[2n(t ¡ tp )] + 5 cos[2ntp] ¡ 9 cos[n(t + 2tp )]

¡ 3nt sin[nt] + 3nt sin[(t ¡ 2tp)] ¡ 12nt sin[2ntp]}/ 2

R
2 U 2,3 = 0

R
2 U 2,4 = {6 ¡ 12 cos[nt] + 6 cos[2nt] + cos[n(t ¡ 2tp )]

+ 6 cos[n(3t ¡ 2tp)] ¡ 14 cos[2n(t ¡ tp)] ¡ 2 cos[2ntp]

+ 9 cos[n(t + 2tp )] + 6nt sin[nt] ¡ 6nt sin[n(t ¡ 2tp)]

+ 12nt sin[2ntp ]}/ (4n)

R
2 U 2,5 = {12nt ¡ 6nt cos[nt] ¡ 6nt cos[n(t ¡ 2tp )]

¡ 12nt cos[2n(t ¡ tp)] ¡ 12nt cos[2ntp] ¡ 24 sin[nt]

+ 9 sin[2nt] + 12 sin[n(3t ¡ 2tp )] ¡ 9 sin[2n(t ¡ tp )]

¡ 9 sin[2ntp ] + 12 sin[n(t + 2tp )]}/ (4n)

R
2 U 2,6 = 0, R

2 U 3,1 = 0, R
2 U 3,2 = 0

R
2 U 3,3 = { ¡ 4 cos[nt] + 4 cos[2nt] + 3 cos[n(3t ¡ 2tp)]

¡ 12 cos[2ntp ] + 9 cos[n(t + 2t p)]}/ 8

R
2 U 3,4 = 0, R

2 U 3,5 = 0

R
2 U 3,6 = { ¡ 4 sin[nt] + 2 sin[2nt] + 3 sin[n(3t ¡ 2tp )]

¡ 6 sin[2n(t ¡ tp)] ¡ 6 sin[2ntp] + 3 sin[n(t + 2t p)]}/ (8n)

R
2 U 4,1 = n{ ¡ 60nt cos[nt] ¡ 60nt cos[n(t ¡ 2tp)]

¡ 96nt cos[2n(t ¡ tp)] ¡ 60 sin[nt] + 80 sin[2nt]

¡ 20 sin[n(t ¡ 2t p)] + 81 sin[n(3t ¡ 2tp)]

+ 61 sin[n(t + 2t p)]}/ 8

R
2 U 4,2 = n{8 cos[nt] ¡ 8 cos[2nt] + cos[n(t ¡ 2t p)]

+ 8 cos[2n(t ¡ tp)] ¡ 9 cos[n(t + 2tp )]

¡ 6nt sin[nt] + 6nt sin[n(t ¡ 2tp )]}/4

R
2 U 4,3 = 0

R
2 U 4,4 = { ¡ 16 cos[nt] + 16cos[2nt] ¡ 12 cos[n(t ¡ 2tp )]

+ 27 cos[n(3t ¡ 2tp )] ¡ 48cos[2n(t ¡ tp )]

+ 9 cos[n(t + 2tp)] + 12nt sin[nt] ¡ 12nt sin[n(t ¡ 2tp)]}/8

R
2 U 4,5 = { ¡ 6nt cos[nt] ¡ 6nt cos[n(t ¡ 2tp )]

¡ 24nt cos[2n(t ¡ tp)] ¡ 18 sin[nt] + 12 sin[2nt]

¡ 5 sin[n(t ¡ 2tp)] + 27 sin[n(3t ¡ 2tp)] ¡ 16 sin[2n(t ¡ t p)]

+ 6 sin[n(t + 2tp)]}/ 4

R
2 U 4,6 = 0

R
2 U 5,1 = n{ ¡ 60 cos[nt] + 60 cos[2nt] ¡ 19 cos[n(t ¡ 2t p)]

+ 54 cos[n(3t ¡ 2tp )] ¡ 12cos[2n(t ¡ tp )] ¡ 84cos[2ntp]

+ 61 cos[n(t + 2tp)] + 30nt sin[nt] + 30nt sin[n(t ¡ 2t p)]

+ 48nt sin[2n(t ¡ t p)]}/ 4

R
2 U 5,2 = n{ ¡ 3nt cos[nt] + 3nt cos[n(t ¡ 2t p)] ¡ 8 sin[nt]

+ 6 sin[2nt] + sin[n(t ¡ 2tp)] ¡ 4 sin[2n(t ¡ tp)]

¡ 12 sin[2ntp] + 9 sin[n(t + 2tp )]}/2

R
2 U 5,3 = 0

R
2 U 5,4 = {6nt cos[nt] ¡ 6nt cos[n(t ¡ 2tp)] + 18 sin[nt]

¡ 12 sin[2nt] ¡ 7 sin[n(t ¡ 2t p)] ¡ 18 sin[n(3t ¡ 2tp)]

+ 28 sin[2n(t ¡ t p)] + 12 sin[2ntp] ¡ 9 sin[n(t + 2tp)]}/4
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R
2 U 5,5 = {6 ¡ 15 cos[nt] + 9 cos[2nt] ¡ 3 cos[n(t ¡ 2tp )]

+ 18 cos[n(3t ¡ 2t p)] ¡ 15 cos[2n(t ¡ t p)] ¡ 6 cos[2ntp ]

+ 6 cos[n(t + 2tp )] + 3nt sin[nt] + 3nt sin[n(t ¡ 2tp)]

+ 12nt sin[2n(t ¡ tp)]}/ 2

R
2 U 5,6 = 0, R

2 U 6,1 = 0, R
2 U 6,2 = 0

R
2 U 6,3 = n{4 sin[nt] ¡ 8 sin[2nt] ¡ 9 sin[n(3t ¡ 2t p)]

¡ 9 sin[n(t + 2tp)]}/8

R
2 U 6,4 = 0, R

2 U 6,5 = 0

R
2 U 6,6 = { ¡ 4 cos[nt] + 4 cos[2nt] + 9 cos[n(3t ¡ 2tp)]

¡ 12 cos[2n(t ¡ tp)] + 3 cos[n(t + 2tp )]}/8

State Transition Matrix Elements: Cylindrical Coordinates
The zeroth-orderexpansionin cylindricalcoordinatesC

0 U is iden-
tical to that in rectangularcoordinatesR

0 U exceptfor the six elements

C
0 U 1,5 = 2a(1 ¡ cos[nt]) / n, C

0 U 2,1 = ( ¡ 6nt + sin[nt]) /a

C
0 U 2,4 = ¡ 2(1 ¡ cos[nt]) /an, C

0 U 4,5 = 2a sin[nt]

C
0 U 5,1 = ¡ 6n(1 ¡ cos[nt]) / a, C

0 U 5,4 = ¡ 2 sin[nt]/a

The � rst- and second-order expansions are as follows:
C
1 U 1,1 = ¡ 5 cos[n(t ¡ tp )] ¡ 3 cos[n(2t ¡ t p)] + 13 cos[ntp ]

¡ 5 cos[n(t + t p)] ¡ 6nt sin[n(t ¡ tp)]

C
1 U 1,2 = 0, C

1 U 1,3 = 0

C
1 U 1,4 = { ¡ 3 sin[n(t ¡ tp)] + sin[n(2t ¡ tp)] ¡ 3 sin[ntp]

+ sin[n(t + tp )]}/ n

C
1 U 1,5 = a{cos[n(t ¡ tp )] ¡ 4 cos[n(2t ¡ t p)] + 4 cos[ntp]

¡ cos[n(t + t p)] ¡ 6nt sin[n(t ¡ tp)]}/ (2n)

C
1 U 1,6 = 0

C
1 U 2,1 = ¡ {24nt cos[n(t ¡ tp)] + 30nt cos[ntp] ¡ 4 sin[n(t ¡ tp )]

¡ 15 sin[n(2t ¡ t p)] + sin[ntp] ¡ 20 sin[n(t + tp)]}/ (2a)

C
1 U 2,2 = 0, C

1 U 2,3 = 0

C
1 U 2,4 = { ¡ 12cos[n(t ¡ t p)] + 5 cos[n(2t ¡ tp)] + 3 cos[ntp ]

+ 4 cos[n(t + t p)] + 6nt sin[ntp]}/ (2an)

C
1 U 2,5 ={¡ 6nt cos[n(t ¡ t p)] ¡ 5 sin[n(t ¡ tp)] + 5 sin[n(2t ¡ t p)]

¡ sin[ntp ] + sin[n(t + tp)]}/ n

C
1 U 2,6 = 0, C

1 U 3,1 = 0, C
1 U 3,2 = 0

C
1 U 3,3 = 1

2 cos[n(2t ¡ tp )] ¡ 3
2 cos[ntp] + cos[n(t + t p)]

C
1 U 3,4 = 0, C

1 U 3,5 = 0

C
1 U 3,6 = { ¡ 3 sin[n(t ¡ tp)] + sin[n(2t ¡ tp)]

¡ 3 sin[ntp] + sin[n(t + tp )]}/ (2n)

C
1 U 4,1 = ¡ n{6nt cos[n(t ¡ t p)] + sin[n(t ¡ tp)]

¡ 6 sin[n(2t ¡ tp)] ¡ 5 sin[n(t + tp )]}

C
1 U 4,2 = 0, C

1 U 4,3 = 0

C
1 U 4,4 = ¡ 3 cos[n(t ¡ tp)] + 2 cos[n(2t ¡ tp )] + cos[n(t + tp)]

C
1 U 4,5 = ¡ a{6nt cos[n(t ¡ tp )] + 7 sin[n(t ¡ tp)]

¡ 8 sin[n(2t ¡ tp)] ¡ sin[n(t + tp )]}/2

C
1 U 4,6 = 0

C
1 U 5,1 = n{ ¡ 10 cos[n(t ¡ tp)] + 15 cos[n(2t ¡ tp)]

¡ 15 cos[ntp] + 10 cos[n(t + tp)] + 12nt sin[n(t ¡ tp )]}/a

C
1 U 5,2 = 0, C

1 U 5,3 = 0

C
1 U 5,4 = {6 sin[n(t ¡ t p)] ¡ 5 sin[n(2t ¡ t p)] + 3 sin[ntp]

¡ 2 sin[n(t + tp )]}/a

C
1 U 5,5 = ¡ 11 cos[n(t ¡ tp)] + 10 cos[n(2t ¡ tp)]

+ cos[n(t + t p)] + 6nt sin[n(t ¡ tp)]

C
1 U 5,6 = 0, C

1 U 6,1 = 0, C
1 U 6,2 = 0

C
1 U 6,3 = ¡ n{sin[n(2t ¡ tp)] + sin[n(t + tp )]}

C
1 U 6,4 = 0, C

1 U 6,5 = 0

C
1 U 6,6 = { ¡ 3 cos[n(t ¡ tp)] + 2 cos[n(2t ¡ tp )]

+ cos[n(t + t p)]}/ 2

C
2 U 1,1 = {40 ¡ 40 cos[2nt] ¡ 40 cos[n(t ¡ 2tp)]

¡ 27 cos[n(3t ¡ 2tp )] ¡ 24cos[2n(t ¡ tp )]

+ 152 cos[2ntp] ¡ 61 cos[n(t + 2tp)] ¡ 60nt sin[nt]

¡ 60nt sin[n(t ¡ 2t p)] ¡ 48nt sin[2n(t ¡ t p)]}/ 8

C
2 U 1,2 = 0, C

2 U 1,3 = 0

C
2 U 1,4 = { ¡ 12nt cos[nt] + 12nt cos[n(t ¡ 2tp )] ¡ 4 sin[nt]

+ 8 sin[2nt] + 9 sin[n(3t ¡ 2t p)] ¡ 24 sin[2n(t ¡ tp )]

¡ 24 sin[2ntp] + 9 sin[n(t + 2tp )]}/ (8n)

C
2 U 1,5 = a{ ¡ 10 + 12 cos[nt] ¡ 2 cos[2nt] + 2 cos[n(t ¡ 2tp )]

¡ 9 cos[n(3t ¡ 2tp)] + 6 cos[2n(t ¡ tp)] + 2 cos[2ntp]

¡ cos[n(t + 2tp )] ¡ 12nt sin[2n(t ¡ tp )]}/ (4n)

C
2 U 1,6 = 0

C
2 U 2,1 = { ¡ 12nt ¡ 60nt cos[nt] ¡ 60nt cos[n(t ¡ 2tp)]

¡ 60nt cos[2n(t ¡ tp)] ¡ 84nt cos[2ntp] ¡ 28 sin[nt]

+ 50 sin[2nt] + 6 sin[n(t ¡ 2t p)] + 39 sin[n(3t ¡ 2tp)]

+ 10 sin[2n(t ¡ t p)] ¡ 6 sin[2ntp ] + 61 sin[n(t + 2tp)]}/ (4a)

C
2 U 2,2 = 0, C

2 U 2,3 = 0

C
2 U 2,4 = { ¡ 2 ¡ 8 cos[nt] + 10 cos[2nt] + 6 cos[n(t ¡ 2tp )]

+ 13 cos[n(3t ¡ 2tp )] ¡ 30cos[2n(t ¡ tp )] + 2 cos[2ntp ]

+ 9 cos[n(t + 2tp)] + 12nt sin[nt] ¡ 12nt sin[n(t ¡ 2tp)]

+12nt sin[2ntp]}/ (4an)
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C
2 U 2,5 = {6nt ¡ 30nt cos[2n(t ¡ tp)] ¡ 16 sin[nt]

+ 5 sin[2nt] + 26 sin[n(3t ¡ 2tp )] ¡ 25 sin[2n(t ¡ tp)]

¡ sin[2ntp]} + 2 sin[n(t + 2t p)]/ (4n)

C
2 U 2,6 = 0, C

2 U 3,1 = 0, C
2 U 3,2 = 0

C
2 U 3,3 = { ¡ 4 cos[nt] + 4 cos[2nt] + 3 cos[n(3t ¡ 2tp)]

¡ 12 cos[2ntp ] + 9 cos[n(t + 2tp)]}/ 8

C
2 U 3,4 = 0, C

2 U 3,5 = 0

C
2 U 3,6 = { ¡ 4 sin[nt] + 2 sin[2nt] + 3 sin[n(3t ¡ 2tp )]

¡ 6 sin[2n(t ¡ tp)] ¡ 6 sin[2ntp] + 3 sin[n(t + 2tp)]}/ (8n)

C
2 U 4,1 = n{ ¡ 60nt cos[nt] ¡ 60nt cos[n(t ¡ 2tp)]

¡ 96nt cos[2n(t ¡ tp)] ¡ 60 sin[nt] + 80 sin[2nt]

¡ 20 sin[n(t ¡ 2t p) + 81 sin[n(3t ¡ 2t p)]

+ 61 sin[n(t + 2t p)]}/ 8

C
2 U 4,2 = 0, C

2 U 4,3 = 0

C
2 U 4,4 = { ¡ 16cos[nt] + 16 cos[2nt] + 12 cos[n(t ¡ 2tp )]

+ 27 cos[n(3t ¡ 2tp )] ¡ 48 cos[2n(t ¡ tp)] + 9 cos[n(t + 2tp)]

+ 12nt sin[nt] ¡ 12nt sin[n(t ¡ 2tp)]}/ 8

C
2 U 4,5 = ¡ a{24nt cos[2n(t ¡ tp)] + 12 sin[nt]

¡ 4 sin[2nt] + 2 sin[n(t ¡ 2tp)] ¡ 27 sin[n(3t ¡ 2tp )]

+ 24 sin[2n(t ¡ t p)] ¡ sin[n(t + 2tp)]}/ 4

C
2 U 4,6 = 0

C
2 U 5,1 = n{ ¡ 12 ¡ 88 cos[nt] + 100 cos[2nt] ¡ 54 cos[n(t ¡ 2tp )]

+ 117 cos[n(3t ¡ 2tp )] ¡ 40 cos[2n(t ¡ tp )] ¡ 84 cos[2ntp]

+ 61 cos[n(t + 2tp)] + 60nt sin[nt] + 60nt sin[n(t ¡ 2tp)]

+ 120nt sin[2n(t ¡ t p)]}/ (4a)

C
2 U 5,2 = 0, C

2 U 5,3 = 0

C
2 U 5,4 = {12nt cos[nt] ¡ 12nt cos[n(t ¡ 2t p)] + 20 sin[nt]

¡ 20 sin[2nt] ¡ 18 sin[n(t ¡ 2tp )] ¡ 39 sin[n(3t ¡ 2tp)]

+ 60 sin[2n(t ¡ t p)] + 12 sin[2ntp] ¡ 9 sin[n(t + 2t p)]}/ (4a)

C
2 U 5,5 = {3 ¡ 8 cos[nt] + 5 cos[2nt] + 39 cos[n(3t ¡ 2tp)]

¡ 40 cos[2n(t ¡ tp)] + cos[n(t + 2tp )]

+ 30nt sin[2n(t ¡ tp)]}/ 2

C
2 U 5,6 = 0, C

2 U 6,1 = 0 C
2 U 6,2 = 0

C
2 U 6,3 = n{4 sin[nt] ¡ 8 sin[2nt] ¡ 9 sin[n(3t ¡ 2tp )]

¡ 9 sin[n(t + 2tp)]}/ 8

C
2 U 6,4 = 0, C

2 U 6,5 = 0

C
2 U 6,6 = { ¡ 4 cos[nt] + 4 cos[2nt] + 9 cos[n(3t ¡ 2tp)]

¡ 12 cos[2n(t ¡ tp)] + 3 cos[n(t + 2tp)]}/8
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